Abstract. It is well known that the cup-product pairing on the complementary integral cohomology groups (modulo torsion) of a compact oriented manifold is unimodular. We prove a similar result for the ℓ-adic cohomology groups of smooth algebraic varieties.
Introduction
If Λ is a commutative ring with 1 without zero divisors and M is a Λ-module, then we write M tors for its torsion submodule and M/tors for the quotient M/M tors . Usually, we will use this notation when Λ is the ring of integers Z or the ring Z ℓ of ℓ-adic integers.
Let M be a compact connected oriented d-dimensional manifold with boundary ∂M. Let i ≤ d be a nonnegative integer and H i (M; Z) and H i (M, ∂M; Z) are the corresponding integral cohomology groups, which are finitely generated Z-modules. The cup-product pairing It is well known [1, Ch. VI, Sect. 9, Th. 9.4 on pp. [357] [358] that the latter pairing is perfect or unimodular or duality pairing, i.e., the induced homomorphism
is an isomorphism. The aim of this note is to prove a Z ℓ -variant of this result for theétale cohomology groups of a smooth algebraic variety over an algebraically closed field of arbitrary characteristic.
1.1. Let X be a separated connected smooth scheme of finite type over a algebraically closed field k, d = dim(X), ℓ a prime = char(k) and a an integer. If i ≤ 2d is a nonnegative integer then we write H i (X, Z ℓ (a)) and H which is known to be nondegenerate, i.e., its right and left kernels are zero. In particular, the induced homomorphism of free Z ℓ -modules
is injective and its cokernel is finite [4, Ch. 2, Sect. 1, p. 149].
Theorem 1.2. Let X be a separated connected smooth scheme of finite type over a algebraically closed field k, d = dim(X), ℓ a prime = char(k) , a and b integers with a + b = d. Let i ≤ 2d be a nonnegative integer.
The pairing
is perfect, i.e., the induced homomorphism
is an isomorphism of Z ℓ -modules.
When X is complete (e.g., projective), H
) and we obtain the following corollary. 
induced by cup-product pairing is perfect, i.e., the induced homomorphism
In the next section we develop an elementary machinery that will help us to deal with projective systems (and limits) of perfect bilinear forms on finite Z/ℓ n Zmodules. Using it, we prove Theorem 1.2 in Section 3.
I proved Corollary 1.3 thirty years ago when I was contemplating [9] . I stated Corollary 1.3 and sketched its proof in my letters to Peter Schneider (April 22 and July 15, 1981, see [7, Added in Proof on p. 142]). Recently I learned from Alexei Skorobogatov that this result is still missing in the literature but continues to be of interest [8] . That is why I decided to publish it.
I am grateful to Alexey Parshin, Peter Schneider and Alexei Skorobogatov for their interest in this subject. My special thanks go to Nick Katz and P. Deligne for stimulating comments. I am grateful to the referee, whose comments helped to improve the exposition.
The final version of this paper was prepared during my stay at the Weizmann Institute of Science in May-June of 2012: I am grateful to its Department of Mathematics for the hospitality.
2. Linear algebra 2.1. Let E be a complete discrete valuation field, Λ ⊂ E the corresponding discrete valuation ring with maximal ideal m. Let π ∈ m be an uniformizer, i.e., m = πΛ. Clearly, Λ coincides with the projective limit of its quotients, the local rings
All Λ n carry the natural structure of Λ-modules. If M and N are Λ n -modules then
In addition, if j is an integer such that j ≥ n then both M and N carry the natural structure of Λ j -modules and
There is a (non-canonical) isomorphism of Λ j -modules
that sends 1 ∈ Λ n to the homomorphism
Lemma 2.2. Let β : U × V → Λ be a Λ-bilinear pairing between free Λ-modules U and V of finite rank. Assume that β enjoys the following properties.
• If u ∈ U \ πU then there exists v ∈ V with β(u, v) = 1.
• If v ∈ V \ πV then there exists u ∈ U with β(u, v) = 1. Then the induced homomorphisms of Λ-modules
Proof. If U = {0} then V = πV . Since V is free, V = {0} and we are done. Now let us do induction by the rank of U . Assume that U = {0}. Clearly, U = πU . Pick (indivisible) u 0 ∈ U \ πU . Then there exists v 0 ∈ V with β(u 0 , v 0 ) = 1. Put
does not lie in πU 1 then it does not lie in πU = πU 1 ⊕ πΛu 0 . Therefore there exists v ∈ V with β(u, v) = 1. We have v = v 1 + λv 0 for some v 1 ∈ V 1 and λ ∈ Λ. Since U 1 and v 0 are orthogonal with respect to β, β(u, v 1 ) = 1. By the same token, if v ∈ V 1 \ πV 1 then there exists u 1 ∈ U 1 with β(u 1 , v) = 1. Now one has only to apply the induction assumption to β :
2.3. Now and till the rest of this section we assume that E is locally compact, i.e., E is either a finite algebraic extension of Q ℓ or F q ((t)). Then Λ is compact and all local rings Λ n are finite. If a Λ-module M is a finite set then it is a finitely generated torsion Λ-module and therefore is isomorphic to a finite direct sum of Λ-modules Λ n . (If π j M = {0} then n ≤ j for all such n). It follows that the Λ-modules M and Hom Λ (M, Λ j ) = Hom Λj (M, Λ j ) are isomorphic; in particular, they have the same cardinality.
Lemma 2.4. Let M be a finite Λ n -module. Let x be an element of M such that π n−1 x = 0. Then there exists a homomorphism of Λ-modules φ : M → Λ n with φ(x) = 1.
Proof. Clearly, y = π n−1 x is a nonzero element of M . Suppose the assertion of Lemma is not true. Then for all φ ∈ Hom Λ (M, Λ n ) the image φ(x) is not a unit in Λ n and therefore lies in the maximal ideal πΛ n . It follows that
This implies that every φ kills y and therefore
Since y = 0, the finite modules M and M/Λy have different orders and therefore their duals must have different orders. Contradiction.
The following elementary result was inspired by universal coefficients theorem [6, Ch. V, Sect. 1, Lemma 1.11 on p. 165].
Lemma 2.5. Let {T n } ∞ n=1 be a projective system of finite Λ-modules T n . Suppose that every T n is actually a finite Λ n -module. Suppose that the projective limit T is a finitely generated Λ-module. Then there exists a positive integer n 0 such that for all n ≥ n 0 the natural map
Proof. Since T is finitely generated, every T /π n T is finite and T coincides with the projective limit of
Clearly, the sequence {T 0 n } is a projective system of finite Λ-modules. Suppose that the assertion of Lemma is not true. Then T 0 n = {0} for all n. This means that T 0 n \ {0} is a (finite) non-empty set for all n. Clearly, the sequence {T 0 n \ {0}} also constitutes a projective system of finite non-empty sets and therefore this system has a non-empty limitT ⊂ T that does not contain zero. Let t be an element ofT . Then t lies in the kernel of the map T → T n (for every n) and therefore must be zero, which is not the case. The obtained contradiction proves our Lemma.
2.6. Let us consider a projective system of triples (H n , T n , e n ) of the following type.
(i) H n and T n are finite Λ n -modules and the transition maps
are homomorphisms of the corresponding Λ-modules. (ii) e n : H n ×T n → Λ n is a perfect pairing of finite Λ n -modules, i.e., the induced homomorphisms
are isomorphisms of finite Λ n -modules. (In fact, the finiteness implies that the first homomorphism is an isomorphism if and only if the second one is an isomorphism.) (iii) Both projective limits H of {H n } and T of {T n } are finitely generated Λ-modules. In particular, H/tors and T /tors are free Λ-modules of finite rank.
Remark 2.7. It follows from Lemma 2.5 that there exists a positive integer n 0 such that for all n ≥ n 0 the natural maps H/π n H → H n , T /π n T → T n are injective.
2.8. Let us consider the projective limit of {e n }, which is the Λ-bilinear pairing e : H × T → Λ.
In other words, if h ∈ H corresponds to a sequence {h n ∈ H n } ∞ n=1 and t ∈ T corresponds to a sequence {t n ∈ T n } ∞ n=1 then e(h, t) ∈ Λ is the projective limit of the sequence e n (h n , t n ) ∈ Λ n . Clearly, e kills H tors and T tors and therefore gives rise to the Λ-bilinear pairing of free Λ-modules e : H/tors × T /tors → Λ.
Theorem 2.9. Let (H n , S n , e n ) be a projective system satisfying the assumptions (i), (ii) and (iii) of Section 2.6.
The pairingē : H/tors × T /tors → Λ is perfect, i.e., the corresponding homomorphisms of free Λ-modules
